We make a four-algebraic extension of the IIB matrix model. The extension can be made by any Lie 4-algebra. The four-algebraic model has the same supersymmetry as the IIB matrix model, and hence as type IIB superstring theory. The four-algebraic model contains twelve bosonic matrices; two of these will be identified with two extra dimensions that characterize F-theory. We construct a Lie 4-algebra that incorporates u(N ) Lie algebra and analyze the model explicitly by choosing it. We have three phases in the model with that specific algebra. In the first phase, it reduces to the original IIB matrix model. In the second phase, it reduces to a simple supersymmetric model. In the third phase, it reduces to a model that describes only the dynamics of the two matrices representing the torus.
Introduction
The IIB matrix model was proposed as a non-perturbative formulation of type IIB superstring theory in 1996 [1] and has been extensively studied. It has the same space-time supersymmetry as the IIB superstring. The N = 2 supersymmetry in ten dimensions guarantees the existence of the graviton in this model.
In spite of the fact that the matrix model can describe some perturbative and nonperturbative dynamics of the IIB superstring, analyzing it is difficult as a consequence of its complicated interactions. New ideas are necessary to investigate non-perturbative dynamics of string theory. Extending matrix models for string theory can offer many ideas for studying non-perturbative dynamics of string theory, as well as the original matrix models. With this as motivation, extensions of the BFSS matrix theory and the IIB matrix model by Lie 3-algebra were studied in [49, 50] . The minimally extended models have two phases. They reduce to the original matrix models in one phase, whereas they reduce to simpler supersymmetric models in the other phase. The simple models are more tractable to investigate.
In this paper, we further extend the IIB matrix model by using 4-algebras. "Extend" indicates that the model is based on 4-algebras that incorporate Lie-algebras. The fouralgebra model permits any 4-algebra whose quartic product is completely antisymmetric.
We call such 4-algebra Lie 4-algebra. It has the same supersymmetry as the IIB matrix model, and hence as the IIB superstring. As a consequence, the four-algebra model includes the graviton. The four-algebraic model contains twelve bosonic matrices; two of them will be identified with two extra dimensions that characterize F-theory.
We construct a Lie 4-algebra that incorporates u(N) Lie algebra and analyze the model explicitly by choosing it. We have three phases in the model with that specific algebra. In the first phase, it reduces to the original IIB matrix model. In the second phase, it reduces to a simple supersymmetric model. In the third phase, it reduces to a model that describes only the dynamics of the two matrices representing the torus.
Lorentzian Lie 4-algebra
First, we construct a Lorentzian Lie 4-algebra. We consider an algebra
where the bracket is totally antisymmetric in A, B, C and D. The gauge transformation is defined by
The inverse of a metric is defined by
3)
The indices A, B, · · · are raised and lowered by g AB and g AB . The gauge invariance of the
Then, the indices of f ABCDE are completely antisymmetric. The fundamental identity is defined by
which is equivalent to
We find a solution to this equation:
where κ α and t α are arbitrary independent vectors and f ij k are structure constants of ordinary Lie algebra. The other f ABCDE except for the above antisymmetrized form, are zero. The non-zero metric is given by
where h ij is the Cartan metric of the Lie algebra. Then, the non-zero commutators are
This algebra includes the minimal Lorentzian Lie 3-algebra [49, 50] and thus an arbitrary Lie algebra.
4-Algebraic Model
In the present section, we construct a Lie 4-algebra model by extending the IIB matrix model. Our concerns are two scalars Φ p (p = 1, 2), SO(1,9) vector X M (M = 0, · · · 9) and SO(1,9) Majorana-Weyl fermion Θ generated by Lie 4-algebra. Θ satisfies Γ 10 Θ = −Θ. We do not presume specific algebra here.
The dynamical supertransformation of the IIB matrix model is extended by Lie 4-algebra:
where E satisfies
The algebra from this transformation is given by
The right-hand sides of the second and third lines imply the gauge transformation of X M and Θ, individually. The supersymmetry algebra closes on-shell if the fermion satisfies
on-shell. If we transform this fermion equation of motion with (3.1), we get the boson equation of motion:
Both equations of motion can be obtained from the action
This is invariant under (3.1).
The kinematical supersymmetry of the action (3.6) is generated bỹ
The total supersymmetry algebra is
and
on-shell and up to the gauge symmetry. If we change the basis as
we have (δ
This is the algebra of SO(1,9) N = 2 chiral supersymmetry, which is the supersymmetry algebra of the IIB matrix model as well as the IIB superstring. Therefore, this 4-algebraic model will be useful for studying F-theory by assuming that Φ 1 and Φ 2 represent the fixed torus that connects F-theory and IIB superstring theory.
Model with A Certain 4-Algebra
In the present section, we elucidate the Lie 4-algebra model with (2.11) associated with u(N). The gauge transformation for an arbitrary field X,
The model allows BPS backgrounds
can be explicitly written as
There are three independent gauge parameters:
where Λ (1) stands for the u(N) transformation, while Λ (2) and Λ (3) stand for independent shift transformations.
In theΦ 1 = 0 case, the shift transformation can fix one matrix as
Because Φ 1 exist inside all the four-brackets in the action (3.6), non-zero four-brackets in the action reduce to three-brackets [49, 50] as
where we redefine Φ 1 α G αβ as κ ′ β . Then, the action (3.6) reduces to the minimally extended Lie 3-algebra IIB matrix model [50] ,
with the Lie 3-algebra
In theΦ 1 = 0 andΦ 2 = 0 case, one can fix one more matrix as
Then, we get the IIB matrix model in a similar way:
This is consistent with the fact that the model (4.7) reduces to the IIB matrix model (4.10) in theΦ 2 = 0 phase, as reported in [50] .
In theΦ 1 = 0 andΦ 2 = 0 case, the model (4.7) reduces to the supersymmetric simple action, 11) as in [50] .
In theΦ 1 = 0 andΦ 2 = 0 case, the action (3.6) reduces to
Without loss of generality, one can chooseX 
This is consistent with the supersymmetry transformation (3.1) because Φ 1 and Φ 2 are not transformed. In this phase, only the fields corresponding to the torus are dynamical.
Conclusion and Discussion
In this paper, we have made a four-algebraic extension of the IIB matrix model. The extension can be made by any Lie 4-algebra. The four-algebraic model has the same supersymmetry as the IIB matrix model, and hence as type IIB superstring theory. The four-algebraic model contains twelve bosonic matrices; two of these will be identified with two extra dimensions that characterize F-theory.
We have constructed a Lie 4-algebra that incorporates u(N) Lie algebra and analyzed the model explicitly by choosing it. With that algebra, there are BPS moduli and we have gotten three phases. In the first phase, the model reduces to the original IIB matrix model. In the second phase, it reduces to the simple supersymmetric one (4.11). In the third phase, it reduces to a model (4.13) that describes only the dynamics of the two matrices representing the torus.
In this paper, we have constructed and chosen a specific Lie 4-algebra and studied the extended model explicitly, although we have constructed the 4-algebra model that allows any Lie 4-algebra. The next task is to construct and classify Lie 4-algebras as in [38] and apply them to the Lie 4-algebra model (3.6).
